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Abstract—This paper represents a new tripled coincidence point 
using ϕ-type contractive condition for two mappings without 
continuity and established a new tripled point result. We also provide 
an example to illustrate our result. 

1. INTRODUCTION 

Ozavsar and Cevikel[5] proved some fixed point theorems of 
multiplicative contraction mappings in multiplicative space. In 
2006, Bhaskar and Lakshmikantham[4] introduced the concept 
of coupled fixed point and used mixed monotone property to 
prove some coupled fixed point theorems. Finally Borcut and 
Berinde [7] introduced the concept of a tripled coincidence 
point, which is the generalization of couple coincidence 
point[1].  

Definition 2.1[3]. Any non-empty set M is said to 
be multiplicative metric space with respect to the 
metric d: M×M → �  if it satisfies the following 
conditions: 
i. d(x, y) ≥ 1 for all x, y ∈ M, 
ii. d(x, y) = 1 iff x = y for all  

x, y ∈ M, 
iii. d(x, y) = d(y, x), for all x, y ∈ M, 
iv. d(x, y) ≤ d(x, z).d(z, y), for all x, y ∈ M. 

Definition 2.2[5].Let M be a multiplicative metric space with 
respect to metric  
d: M×M → �  and {xn} be a sequence in M and 0x ∈ X. 
Then the sequence {xn} is said to be multiplicatively 
converging to 0x  written as xn → 0x , if for any multiplicative 
open ball  

B( 0x ,  ) = {x : d( 0x , x)    for 1 }, there exists a 

natural number N ∈�  such that n ≥ N then xn∈ B( 0x ,  ). 
Also  
xn→ 0x (n→∞) iff d (xn, 0x ) → 1(n → ∞).  

Definition 2.3[6].Suppose (M, d) be a multiplicative metric 
space, then any sequence {xn} in X is known as multiplicative 
Cauchy sequence if for each   0, there exists a positive 
integer N ∈�  such that d(xn, xm)  for all n, m ≥ N. 

Also, {xn} is said to be multiplicative Cauchy sequence iffd 
(xn, xm)→1 

(n, m → ∞). 

Definition 2.4[6] Any multiplicative metric space (M, d) is 
said to be complete if every multiplicative Cauchy sequence 
converges in M. 

Definition 2.5[8]. LetM be any non-empty set then an element 
(x, y) ∈ M×M is called coupled coincidence point of the 
mappings F: M×M → M and g: M → M if F(x, y) = gx and 
F(y, x) =gy 

Definition 2.6[2] If M is any non-empty set then an element 
(x, y, z) ∈ M×M×M is a tripled fixed point of the mapping G: 
M×M×M → M if  

G(x, y, z) = x, G(y, x, z) = y and G(z, y, x) = z. 

Definition 2.7[2]. LetM be any non-empty set. An element (x, 
y, z) ∈ M×M×Mis called  

a) Tripled coincidence point of the mappings G: M×M×M 
→ M and h: M → M if   G(x, y, z) = hx, G(y, x, z) = hy 
and G (z, y, x) = hz and (hx, hy, hz) is called tripled point 
of coincidence. 

b) A common tripled fixed point of mappings G and h if 
G(x, y, z) = hx = x,     G(y, x, z) = hy = y and G(z, y, x) = 
hz = z. 

Let  denote the set of functions 

 : [1, ∞) → [0, ∞) satisfying 

i)   is non-decreasing and continuous in each coordinate 
variable;  

ii)  for t ≥ 1, 
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 ψ(t) = max{ (t,t,t,1,t),  (t,t,t,t,1),  (t,1,1,t,t), 
(1,t,1,t,1),  (1,1,t,1,t)} 
 ≤ t 

where we choose ∈  . 

We can obtain the result[1] from our result by using the 
condition of w* - compatibility in which Y. Jiang, F. Gu[1] 
presented the existence of a unique common coupled fixed 
point in a multiplicative metric space. 

2. MAIN RESULT 

Theorem 3.1: Let (M, d) be a multiplicative metric space and 
G: M×M×M → M and h: M → M be two mappings. Suppose 
that there exists λ ∈ (0, 1) such that the condition  

d(G(x, y, z), G(u, v, w)) d(G(y, x, z), G(v, u, w)) d(G(z, y, x), 
G(w, v, u)) 

≤
d (hx, hu).d (hy, hv).d (hz, hw),
d (G(x, y, z), hx).d (G(y, x, z), hy).d (G(z, y, x), hz),
d (G(u, v, w), hu).d (G(v, u, w), hv).d (G(w, v, u), hw),
d (G(x, y, z), hu).d (G(y, x, z), hv).d (G(z, y, x), hw),
d (G(u, v, w), hx).d (G(v, u,

  

  

  

  

 



w), hy).d (G(w, v, u), hv)

 
 
 
 
 
 
  
 

           ..(1) 

holds for all (x, y, z), (u, v, w) ∈ M×M×M. 

If G(M×M×M)   h(M) is a multiplicative complete subspace 
of M then G and h have a unique tripled point of coincidence, 
that means there exists  
(x, y, z) ∈M×M×M such that h(x)= G(x, y, z),  
h(y) = G(y, x, z)and h(z) = G(z, y, x) . 

Proof: Let 0x , 0y , 0z ∈ M. 

Since we have G(M×M×M)   h(M) then we can choose
1x ,

1y , 1z ∈M such that h
1x = G( 0x , 0y , 0z ) and h 1y = G( 0y , 0x

, 0z ) and h 1z = G( 0z , 0y , 0x ). 

In the same way we can choose ( 2x , 2y , 2z ) ∈M such that h

2x  = G( 1x , 1y , 1z ) and  

h 2y  = G( 1y , 1x , 1z ) and also h 2z = G( 1z , 1y , 1x ). 

Thus we can construct three sequences {xn}, {yn} and {zn} in 
M, such that 

hxn+1 = G(xn, yn, zn), hyn+1 = G(yn, xn, zn) and  
hzn+1 = G(zn, yn, xn) for all n ≥ 0     ..(2) 

Now, from (1), (2) and by using definition of multiplicative 
metric space and also the function ϕ and property of ψ, we get, 

d(hxn, hxn+1) d(hyn, hyn+1) d(hzn, hzn+1) 

= d(G(xn-1, yn-1, zn-1), G (xn, yn, zn))  
d(G(yn-1, xn-1, zn-1), G (yn, xn, zn) d(G(zn-1, yn-1, xn-1), G(zn, yn, 
xn)). 

≤ 

n 1 n n 1 n n 1 n

n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1

n 1 n 1 n 1 n 1

n n n n n n n n

n n n n

n 1 n

d (hx ,hx ).d (hy ,hy ).d (hz ,hz ),

d (G(x , y ,z ),hx ).d (G(y ,x , z ), hy ).

d (G(z , y ,x ),hz ),

d (G(x ,y ,z ),hx ).d (G(y ,x ,z ), hy ).

d (G(z , y ,x ),hz ),

d (G(x , y

  
  

 
       


   

 




 



1 n 1 n n 1 n 1 n 1 n

n 1 n 1 n 1 n

n n n n 1 n n n n 1

n n n n 1

,z ),hx ).d (G(y ,x ,z ),hy ).

d (G(z , y ,x ),hz ),

d (G(x ,y ,z ),hx ).d (G(y ,x ,z ),hy ).

d (G(z , y ,x ),hz )


   


  

 
 




 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

≤

n 1 n n 1 n n 1 n

n n 1 n n 1 n n 1

n 1 n n 1 n n 1 n

n 1 n n n 1

n 1 n n n 1

n 1 n

d (hx , hx ).d (hy , hy ).d (hz ,hz ),
d (hx ,hx ).d (hy , hy ).d (hz , hz ),
d (hx , hx ).d (hy ,hy ).d (hz , hz ),

1,d (hx , hx ).d (hx , hx ),
d (hy , hy ).d (hy ,hy ),

d (hz , hz ).d

  
  

  
  

  
  

 
 

 
 






n n 1(hz , hz )


 
 
 
 
 
 
 
 
  
 

 

≤

n 1 n n 1 n n 1 n n n 1

n n 1 n n 1

n 1 n n 1 n n 1 n n n 1

n n 1 n n 1

n 1 n n 1 n

d (hx , hx ).d (hy ,hy ).d (hz , hz ).d (hx , hx )

d (hy ,hy ).d (hz ,hz ),

d (hx , hx ).d (hy ,hy ).d (hz , hz ).d (hx , hx )

.d (hy , hy ).d (hz , hz ),

d (hx , hx ).d (hy ,hy ).d (h

   
   

 
 

   
   

 
 

  
 


n 1 n n n 1

n n 1 n n 1

n 1 n n 1 n n 1 n n n 1

n n 1 n n 1

z , hz ).d (hx , hx )

.d (hy , hy ).d (hz , hz ),1

d (hx , hx ).d (hy ,hy ).d (hz , hz ).d (hx , hx )

.d (hy , hy ).d (hz , hz ),


 

 
 

   
   

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

≤

n 1 n n 1 n

n 1 n

n n 1 n n 1

n n 1

d (hx ,hx ).d (hy , hy ).

d (hz , hz )
.d (hx ,hx ).d (hy ,hy ).

d (hz , hz )

 
 




 
 




 
 
   
 
 
 

 

≤ 

n 1 n n 1 n

n 1 n

n n 1 n n 1

n n 1

d (hx ,hx ).d (hy , hy ).

d (hz , hz )

.d (hx , hx ).d (hy ,hy ).

d (hz ,hz )

 
 




 
 




 
 
 
 
 
 
 

 

d1-λ (hxn, hxn+1) d1-λ(hyn, hyn+1) d1-λ(hzn, hzn+1)  
≤ dλ(hxn-1, hxn) dλ(hyn-1, hyn).dλ(hzn-1, hzn) 



Anju Panwar and Geetanjali Raiya 
 

 

Journal of Basic and Applied Engineering Research 
p-ISSN: 2350-0077; e-ISSN: 2350-0255; Volume 5, Issue 5; July-September, 2018 

416 

Taking power 1
1

 both sides, we get 

d(hxn, hxn+1). d(hyn, hyn+1).d(hzn, hzn+1)  

≤ 1 1 1
n 1 n n 1 n n 1 nd (hx , hx )d (hy , hy )d (hz , hz )

  
  

    

= dt(hxn-1, hxn) dt(hyn-1, hyn). dt(hzn-1, hzn)  .. (3) 

Where t =
1


∈ (0, 1). 

From equation (3), we get 

d (hxn, hxn+1). d (hyn, hyn+1).d(hzn, hzn+1) 

≤ dt(hxn-1, hxn) dt(hyn-1, hyn). dt(hzn-1, hzn)  
  . 
     .    
≤ n n nt t t

0 1 0 1 0 1d (hx , hx ).d (hy , hy ).d (hz , hz )  

Thus for all n ∈� , n < m, by multiplicative triangular 
inequality, we obtain 

d(hxn, hxm).d(hyn, hym) d(hzn, hzm) 

≤ d(hxn, hxn+1).d(hxn+1, hxn+2)…d(hxm-1, hxm) d(hyn, 
hyn+1).d(hyn+1, hyn+2)…d(hym-1, hym) 
d(hzn, hzn+1).d(hzn+1, hzn+2)…d(hzm-1, hzm) 

≤ 
n n nt t t

0 1 0 1 0 1d (hx , hx ).d (hy , hy ).d (hz , hz )  

0 1 0 1 0 1

n 1 n 1 n 1t t td ( h x , h x ) .d ( h y , h y ) .d ( h z , h z )
    

… 
n n nt t t

1 t 1 t 1 t
0 1 0 1 0 1d (hx , hx ).d (hy , hy ).d (hz , hz )    

Implies that 

d(hxn, hxm) d(hyn, hym) d(hzn, hzm) → 1 (n, m → ∞) such that 

d(hxn, hxm) → 1 (n, m → ∞) 

d(hyn, hym) → 1 (n, m → ∞) 

d(hzn, hzm) → 1 (n, m → ∞) 

Hence {hxn}, {hyn} and {hzn} are Cauchy sequence in h(X). 

Now, by completeness of h(X), there exist 
hx, hy, hz∈ h(X) such that {hxn}, {hyn} and {hzn} converges 
to hx, hy and hz respectively. 

Now we claim that G(x, y, z) = hx, G(y, x, z) = hy and G(z, y, 
x) = hz. 

It follows from multiplicative triangle inequality and equation 
(1) that 

d(G(x, y, z), hx) d(G(y, x, z), hy) d(G(z, y, x), hz) 

≤ d(G(x, y, z), hxn+1).d(hxn+1, hx). 
d(G(y, x, z), hyn+1)d(hyn+1, hy) d(G(z, y, x), hzn+1) d(hzn+1, hz) 

=d(G(x, y, z), G(xn, yn, zn) ) d(G(y, x, z),G(yn, xn, zn)) d(G(z, 
y, x), G(zn, yn, xn)) 

≤ 

n n n

n n n n n n n n n n n n

n n n

n

d (hx,hx ).d (hy,hy ).d (hz,hz ),

d (G(x, y,z),hx).d (G(y, x,z),hy).d (G(z, y,x),hz),
d (G(x , y ,z ),hx ).d (G(y ,x ,z ),hy ).d (G(z , y ,x ),hz ),

d (G(x, y,z),hx ).d (G(y, x,z),hy ).d (G(z, y, x),hz ),
d (G(x

  

  

  

  





n n n n n n n n, y ,z ),hx).d (G(y ,x ,z ),hy).d (G(z , y ,x ),hz). 

 
 
 
 
 
 
 
 
 

       

. n 1 n 1 n 1d (hx , hx).d (hy , hy)d (hz , hz)  
  

 

 

≤ 

n n n

n 1 n n 1 n n 1 n

n n n

n 1 n 1

d (hx, hx ).d (hy, hy ).d (hz, hz ),
d (G(x, y, z), hx).d (G(y, x, z), hy).d (G(z, y, x), hz),
d (hx , hx ).d (hy , hy ).d (hz , hz ),

d (G(x, y, z), hx ).d (G(y, x, z), hy ).d (G(z, y, x), hz ),
d (hx , hx).d (hy , hy)

  

  

  
  

  

 
 



n 1.d (hz , hz).


 
 
 
 
 
 
 
 
 

  .

n 1 n 1 n 1d (hx ,hx).d (hy ,hy)d (hz ,hz)  
    

Applying n → ∞ in above inequality, we get 

d(G(x, y, z), hx)d(G(y, x, z), hy) d(G(z, y, x), hz) 

≤ ϕ 

1,d (G(x, y, z),hx).d (G(y, x,z),hy).

d (G(z, y, x),hz),1,
d (G(x, y,z),hx).d (G(y, x, z), hy).
d (G(z, y, x),hz),1

 



 



 
 
 
 
 
 
 

 1.1.1 

≤  d (G(x, y, z), hx).d (G(y, x, z), hy).d (G(z, y, x), hz)    

≤  d (G(x, y, z), hx).d (G(y, x, z), hy).d (G(z, y, x), hz)    

Since we have λ ∈ (0, 1) then it implies 

d(G(x, y, z), hx).d(G(y, x, z), hy).d(G(z, y, x), hz)= 1 

Implies that 

d(G(x, y, z), hx) = 1, d(G(y, x, z), hy) = 1,  
d(G(z, y, x), hz) = 1. 

Then G(x, y, z) = hx, G(y, x, z) = hy, G(z, y, x) = hz. 

Hence, (hx, hy, hz) is a tripled point of coincidence of 
mappings G and h. 

Now, we claim that this point of coincidence is unique. 

For this, let us suppose that there is another  
(x*, y*, z*) ∈ M×M×M such that (hx*, hy*, hz*) is a tripled 
point of mapping G and h, 

Then, by equation (1), we have 

d(hx, hx*).d(hy, hy*).d(hz, hz*) 
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= d(G(x, y, z),G(x*, y*, z*)) . 
d(G(y, x, z),(G(y*, x*, z*)). 
d(G(z, y, x),G(z*, y*, x*)) 

≤ 

d (hx, hx*).d (hy,hy*).d (hz,hz*),
d (hx, hx).d (hy, hy).d (hz,hz),
d (hx*,hx*).d (hy*,hy*).d (hz*, hz*),

d (hx, hx*).d (hy,hy*).d (hz,hz*),
d (hx*,hx).d(hy*,hy).d (hz*,hz)

  

  

  

  

 

 
 
 
  
 
 
 
 

 

= ϕ

d (hx, hx*).d (hy, hy*).d (hz, hz*),
1,1,
d (hx, hx*).d (hy, hy*).d (hz, hz*),
d (hx*, hx).d(hy*,hy).d (hz*,hz)

  

  

 

 
 
 
 
 
 
 

 

≤ ψ  d (hx, hx*).d (hy, hy*).d (hz, hz*)    

≤  d (hx, hx*).d (hy, hy*).d (hz, hz*)    

From this inequality, we have 

 d(hx,hx*).d(hy,hy*).d(hz,hz*) = 1 

Implies 

d(hx, hx*) = 1, d(hy, hy*) = 1, d(hz, hz*) = 1 

We get, 

hx = hx*, hy = hy*and hz = hz* 

Hence (hx, hy, hz) is a unique tripled point of coincidence of 
mappings G and h. 

Example 2.8.Let (X, d) be a multiplicative metric space where 
X = [0, 2] and d(x, y) = e│x-y│ for all x, y ∈ M. Let G: 
M×M×M → M and h: M →M be two mappings defined by 

G(x, y, z) = x andhx = 10x for all x, y ∈ M. 

We have 

d(G(x, y, z),G(u, v, w))d(G(y, x, z),G(v, u, w)) 
d(G(z, y, x),G(w, v, u)) = d(x, u).d(y, v).d(z, w) 

= e│x-u│e│y-v│e│z-w│ 

= e│x-u│+│y-v│+│z-w│ 

= e│(x+y+z) – (u+v+w)│ 

From the condition (1) with λ = 
1
2

 and ϕ (t1,t2,t3,t4,t5) = 

t1.t2.t3.t4.t5 we have 

d (hx, hu).d (hy,hv).d (hz,hw),
d (G(x, y, z), hx).d (G(y, x, z), hy).d (G(z, y, x), hz),
d (G(u,v, w),hu).d (G(v,u,w),hv).d (G(w, v,u), hw),
d (G(x, y, z), hu).d (G(y, x, z), hv).d (G(z, y, z), hw),
d (G(u,v, w),hx).d (G(v,u,

  

  

  

  

 



w),hy).d (G(w, v,u), hv)

 
 
 
 
 
 
 
 
 

 

= ϕ

d (10x,10u).d (10y,10v).d (10z,10w),
d (x,10x).d (y,10y).d (z,10z),
d (u,10u).d (v,10v).d (w,10w),
d (x,10u).d (y,10v).d (z,10w),
d (u,10x).d (v,10y).d (w,10z)

  

  

  

  

  

 
 
 
 
 
 
 
 
 

 

= 

1 1 1 1 1 1. . . . . .10x 10u 10y 10v 10z 10w x 10x y 10y z 10z2 2 2 2 2 2

1 1 1 1 1 1. . . . . .u 10u v 10v w 10w x 10u y 10v z 10w2 2 2 2 2 2

1 1 1. . .u 10x v 10y w 10z2 2 2

e .e .e ,e .e .e ,

e .e .e ,e .e .e ,

e .e .e

     

     

  

 
 
 
 
 
 
 
 

 

= 

1 1 1 1 1 1. . . . . .10x 10u 10y 10v 10z 10w x 10x y 10y z 10z2 2 2 2 2 2

1 1 1 1 1 1. . . . . .u 10u v 10v w 10w x 10u y 10v z 10w2 2 2 2 2 2

1 1 1. . .u 10x v 10y w 10z2 2 2

e .e .e .e .e .e .

e .e .e .e .e .e .

e .e .e

     

     

  

 
 
 
 
 
 
 
 

 

≥ 
1 310(u v w) 5(x y z) (x y z) (u v w )
2 2e

           

 

≥ (x y z) (u v w )e       

≥ d(G(x, y, z),G(u, v, w))d(G(y, x, z), 
G(v, u, w))d(G(z, y, x),G(w, v, u)) 

For all x, y, z ∈ M×M×M. 

Hence all the conditions of theorem 2.1 are satisfied. 
Moreover (0, 0, 0) is the tripled coincidence point of mappings 
G and h. 
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